Abstract. We investigate the existence of ground states for functionals with nonhomogenous principal part. Roughly speaking, we show that the Nehari manifold method requires no homogeinity on the principal part of a functional. This result is motivated by some elliptic problems involving nonhomogeneous operators. As an application, we prove the existence of a ground state and infinitely many solutions for three classes of boundary value problems.
Introduction and main results
This article is concerned with a class of variational elliptic problems involving non-homogeneous operators. Our main goal is to provide a unified approach to obtain ground state solutions for these problems. This approach is based on the Nehari manifold method, which was introduced in [28] and is by now a wellestablished and useful tool in finding solutions of problems with a variational structure, cf. [1, 4, 6, 7, 10, 11, 12, 13, 16, 31] . In an abstract setting, given a Banach space X and a C 1 functional Φ : X → R, a ground state of Φ is a solution u 0 of the problem Φ ′ (u 0 ) = 0, Φ(u 0 ) = min{Φ(u); u is a critical point of Φ}.
When looking for such a solution, one may restrict Φ to the set N = {u ∈ X \ {0}; Φ ′ (u)u = 0}, which not only contains all nontrivial critical points of Φ, but also turns out to have some useful properties. It is well-known that under some conditions on Φ, N is a C 1 submanifold of X and critical points of the restriction of Φ to N are in fact critical points of Φ. As an immediate consequence, one may obtain a ground state of Φ by minimizing Φ over N . An overview of this procedure, as well as further developments and several applications of this method, are given in [30] .
Throughout this article we assume that Ω ⊂ R N (N ≥ 3) is a bounded domain and f : R → [0, ∞) is an odd C 1 function, so that F (t) = t 0 f (s) ds, defined for t ∈ R, is an even function. A typical application of the Nehari manifold method provides the existence of a ground state for the prototype problem (Ω), has a non-negative and nontrivial ground state u 0 , which is a classical solution of (1.1). This result has a natural extension to an abstract setting as follows:
Let X be a uniformly convex Banach space and S be the unit sphere in X. Assume that · is a C 1 functional on X \ {0}. Then the following result holds, cf. ( I 0 (su) = s p I 0 (u), and satisfies
for some C 0 , C 1 > 0 and every u, v ∈ X. Then the equation Φ ′ (u) = 0 has a ground state solution. Moreover, if Φ is even then this equation has infinitely many pairs of solutions.
The above theorem is clearly motivated by problems involving the p-Laplace operator, namely,
where ∆ p u = div |∇u| p−2 ∇u and p > 1. In this case X = W 
Under conditions similar to (1.2), it can be shown that I satisfies the assumptions of Theorem 1.1, so that (1.4) has a ground state solution and infinitely many pairs of solutions.
The following geometrical properties of Φ are essential in the proof of Theorem 1.1: (A2) For any w ∈ X \ {0} the map t → Φ(tw), defined for t > 0, has a unique critical point t w > 0 which satisfies Φ(t w w) = max t>0 Φ(tw).
(A3) t w is uniformly bounded away from zero for w ∈ S, i.e. there exists δ > 0 such that t w ≥ δ for every w ∈ S. Moreover, t w is bounded from above for w in a compact subset of S, i.e. given a compact set W ⊂ S there exists C W > 0 such that t w ≤ C W for every w ∈ W.
These properties are used to show that S is homeomorphic to N through the projection w → t w w and that one may carry out a critical point theory on N , cf. [30, Corollary 10] . We shall prove that (A2) and (A3) hold for a larger class of functionals, in particular, for Φ = I 0 − I, where I 0 is not positively homogeneous and I(u) = Ω F (u). This situation is motivated by the following examples:
where k 0 , k 1 are positive constants and p ≥ q > 1. The associated EulerLagrange equation is the quasilinear equation
This class of operators contains the p-Laplacian (a(t) ≡ 1), as well as the sum of the p-Laplacian and the q-Laplacian (a(t) = 1 + t q−p p ). Problems involving this class of operators have been investigated, for instance, in [9, 14, 15, 20, 24, 26] .
where u = Ω |∇u| 6) which has been intensively investigated over the last years, specially for M (t) = at + b, with a, b > 0, cf. [2, 8, 19, 23, 25, 27] . We shall prove that this equation has a ground state for a larger class of M , which includes, for instance,
where b i ≥ 0 and γ i ∈ (0, 1] for i = 1, ..., k, with b i > 0 for at least one i.
(Ω) be the completion of C ∞ 0 (Ω) with respect to the norm
The corresponding Euler-Lagrange equation is the anisotropic equation
For results on this class of problems, we refer to [3, 17, 21, 22, 32] and references therein.
We shall establish an abstract result (in the same style as Theorem 1.1) which applies to the problems above. In this sense, we shall prove that the Nehari manifold method applies to problems with nonhomogenous operators. To prove that Φ has a ground state, we follow a strategy slightly different from [30] , since we do not prove that Φ satisfies the Palais-Smale condition at the ground state level. In doing so, we also get rid of the condition (1.3) and the uniform convexity assumption on X. This approach, in a rather simple setting, can be found in [5] . Once we have proved that the infimum of Φ over N is achieved, we shall deduce that it is a critical value of Φ thanks to the results of [30] , which apply to C 1 functionals. Finally, let us recall (as pointed out in [30] ) that the Nehari manifold method also has the advantage of not requiring an Ambrosetti-Rabinowitz type condition on f , which is customary when dealing with the Palais-Smale condition.
We state now our main result:
In addition, we assume that there exist p, r > 1 such that:
where C 0 > 0 and I is a weakly continuous functional on X. Proof. The proof is divided in two steps: first we show that c is achieved, and then we use the results of [30] to prove that c is a critical value of Φ.
Step 1: c is achieved Given u ∈ X \ {0}, we set γ u (t) = Φ(tu) for t > 0. From (1) and (3) it is clear that γ u (t) > 0 for t sufficiently small and γ u (t) < 0 for t sufficiently large. Consequently γ u has a global maximum point t u > 0, which is a critical point of γ u .
is decreasing. It follows that γ ′ u vanishes exactly once, i.e. t u is the unique critical point of γ u . In particular, there holds Φ(u) > 0 for every u ∈ N , so that c ≥ 0.
We claim that N is bounded away from zero. Indeed, if (u n ) ⊂ N with u n → 0 in X then Φ ′ (un)un un r = 0 for every n, which contradicts (1). Thus the claim is proved. Let us prove now that if (u n ) ⊂ N is such that (Φ(u n )) is bounded from above then (u n ) is bounded and, up to a subsequence, u n ⇀ u 0 with u 0 ≡ 0. Assume by contradiction that (u n ) ⊂ N is unbounded. Then we may assume that u n → ∞ and v n ⇀ v 0 , where v n = un un . If v 0 ≡ 0 then, since t = 1 is the global maximum point of γ un , we have, using (2),
This contradicts the fact that (Φ(u n )) is bounded from above. Hence v 0 ≡ 0 and consequently, by (3),
which contradicts the fact that Φ(u n ) > 0 for every n. Therefore (u n ) must be bounded and, up to a subsequence, u n ⇀ u 0 . If u 0 ≡ 0 then, repeating the argument used in the case v 0 ≡ 0, we get
where we used (2) and the fact that N is bounded away from zero. So we get another contradiction, which shows that u 0 ≡ 0. In particular, if (u n ) is a minimizing sequence for c then we may assume that u n ⇀ u 0 with u 0 ≡ 0. Let t 0 = t u0 , i.e. t 0 u 0 ∈ N . From (5), we infer that
and, as a consequence, t 0 ≤ 1. We claim that t 0 = 1. Indeed, if t 0 < 1 then, using (4) and (5), we get
which is a contradiction. Therefore t 0 = 1, u 0 ∈ N , and Φ(u 0 ) = c. Finally, if Φ is even then Φ(u 0 ) = Φ(|u 0 |), so that |u 0 | achieves c.
Step 2: c is a critical value of Φ From the previous step it is clear that Φ satisfies (A2) and (A3) from [30] . By [30, Corollary 10], we deduce that c = inf S Ψ, where Ψ is defined by Ψ(w) = Φ(t w w) for w ∈ S.
Moreover Ψ is a C 1 functional on S, which is a C 1 submanifold of X, and w is a critical point of Ψ if and only if t w w is a critical point of Φ. This proves that c is a critical value of Φ. Remark 1.1.
(1) We may easily check that the proof of Theorem 1.2 still can be carried out if instead of (2), the following conditions hold:
(A) For every u ∈ X we have Φ(u) = I 0 (u) − I(u), where I is weakly continuous and I 0 is such that lim t→∞ I 0 (tu) = ∞ uniformly for u ∈ S.
(B) For every u ∈ X we have Φ
, where J is weakly continuous and J 0 is such that J 0 (u n ) → 0 if and only if u n → 0.
As a matter of fact, one may repeat (1.8) and use (A) to get a contradiction if (u n ) ⊂ N is such that (Φ(u n )) is bounded from above and
′ (u n )u n = 0 and the weak continuity of J we deduce that J 0 (u n ) → 0, so that, by (B), u n → 0, which contradicts the fact that N is bounded away from zero. The rest of the proof holds without further modifications.
(2) If Φ is weakly lower semi-continuous then, instead of (4) and (5), one may require only that for every u ∈ X \ {0} the map t → Φ ′ (tu)u t p−1 is decreasing in (0, ∞). Note indeed that one may still obtain a minimizing sequence for c such that u n ⇀ u 0 and u 0 ≡ 0. From the weak lower semicontinuity of Φ and the fact that Φ(u n ) = max t>0 Φ(tu n ) we deduce that
i.e. c is achieved.
(3) Unlike [30] , we don't make use of the Palais-Smale condition of Φ to show that c is achieved. Indeed, note that the proof of Theorem 1.2 does not require the strong convergence of a minimizing sequence for c.
(4) From the proof of Theorem 1.2, we shall highlight the following result: if (u n ) ⊂ N is such that (Φ(u n )) is bounded from above then (u n ) is bounded.
Following [30] , we say that Φ satisfies the Palais-Smale condition on N if any Palais-Smale sequence of Φ which is moreover in N contains a convergent subsequence.
Combining 
Applications
We apply now Theorem 1.2 and Corollary 1.1 to the equations (1.5), (1.6) and (1.7). Let us recall that Ω ⊂ R N (N ≥ 3) is a bounded domain, f : R → [0, ∞) is an odd C 1 function and F (t) = t 0 f (s) ds, for t ∈ R.
A quasilinear equation. We assume that
and we set A(t) = t 0 a(s) ds for t ∈ R.
Corollary 2.1. Under the above assumptions on a, assume in addition that there exist p ≥ q > 1 such that:
t p−1 is increasing on (0, ∞). Then (1.5) has a nontrivial and non-negative ground state.
Proof. First of all, note that A(t) is well-defined in view of (1). Let
From (1) we infer that
and
On the other hand, from (4) and (6) we infer that for any ε > 0 there exists C ε > 0 such that
Since 1 < q ≤ p, it follows that Φ is a C 1 functional on X. From (2.12) and the continuity of the embeddings X ⊂ L α (Ω) and W
, we infer that for any ε > 0 there exists C ε > 0 such that
Taking ε > 0 sufficiently small and using (2.10), we get
and consequently lim inf
and by the compact Sobolev embedding X ⊂ L α (Ω), the functional u → Ω F (u) is weakly continuous on X. Still from (2.11), we have
uniformly for u on weakly compact subsets of X \ {0}, by (5) . From (2) and (7) we have that
On the other hand, (7) provides that
Thus t → Φ(tu) − Let Ψ : X → R be a C 1 functional. Recall that Ψ ′ belongs to the class (S + ) condition if
is strictly convex and satisfies
for some positive constants a 1 , a 2 , b 1 , b 2 , then Ψ ′ belongs to the class (S + ) (see [18] for a proof).
As a consequence of Remark 1.1-(4), we see that under the assumptions of Corollary 2.1 and the condition t → A(t p ) is strictly convex in (0, ∞) (2.13) the functional Φ given by (2.9) satisfies the Palais-Smale condition on N . We infer then the following result: 
Then (1.6) has a nontrivial and non-negative ground state.
Note that · is a C 1 functional on X, so that u →M ( u 2 ) is C 1 as well. From (3) and (5) we have that for every ε > 0 there exists C ε > 0 such that
Thus Φ is a C 1 functional. Using (1) and (2.15), we have
From (2.15) and the continuous embedding
Thus we have, for u ∈ X,
Taking ε > 0 sufficiently small, we get
Moreover, from (2) we infer that
and consequently
By (2.15) and the compact embedding X ⊂ L α (Ω), the functional u → Ω F (u) is weakly continuous on X. Now, from (2) we have M (t) ≤ M (1)t for t ≥ 1, so that
for some constant C > 0. Consequently we have, for u ∈ X,
for some C 1 , C 2 > 0, so that, by (4),
→ −∞ uniformly on weakly compact subsets of X \ {0}. From (2) and (6), it follows that
is decreasing for every u = 0. Furthermore, note that (2) yields tM ′ (t) ≤ M (t) for any t > 0, and consequently
Hence t → Φ(tu) − 
are weakly lower semicontinuous on X. Therefore Theorem 1.2 applies with r = 2 and p = 4. Note also that Φ is even. The proof is now complete. Proof. Let (u n ) ⊂ N be a Palais-Smale sequence for Φ, defined in (2.14). By Remark 1.1-(4), we know that (u n ) is bounded, so that, up to a subsequence, u n ⇀ u 0 in X. From (2.15), we know that
Since M is continuous and M (t) ≥ m 0 > 0 for all t ≥ 0, we infer that M ( u n 2 ) is bounded and bounded away from zero, so that for i = 1, ..., k, with b i > 0 for at least one i.
. If r > 1, we denote by
Corollary 2.5. Under the above assumptions, assume in addition: 7) has a nontrivial and non-negative ground state.
It is known that X is a reflexive Banach space which embedds
, and compactly if q ∈ [1, p * ), cf [21] . We set, for u ∈ X,
Note that if u ≤ 1 then ∂ i u pi < 1 for i = 1, .., N , and since p i ≤ p N we get
Using (1), (3) and the continuous embedding X ⊂ L α (Ω), we have that for any ε > 0 there exists C ε > 0 such that
Taking ε < 1 we get
where
From the compact embedding X ⊂ L α (Ω), it follows that I and J are weakly continuous. Moreover there exists C > 0 such that
if t > 1 and u ≤ 1. In particular, if u ∈ S then I 0 (tu) → ∞ as t → ∞. In addition, it is clear that J 0 (u n ) → 0 if and only if u n → 0 in X. From (2) we have
whereas, from (4), it follows that
Still by (4), we have that
Thus for any u = 0
is increasing in (0, ∞). Finally, it is clear that u → Φ ′ (u)u and → Φ(u) − 1 pN Φ ′ (u)u are weakly lower semicontinuous on X, and Φ is even.
In view of Theorem 1.2 and Remark 1.1-(1), we infer that (1.7) has a nontrivial and non-negative ground state. Corollary 2.6. Under the assumptions of Corollary 2.5, the problem (1.7) has infinitely many pairs of solutions.
Proof. Let (u n ) ⊂ N be a Palais-Smale sequence for Φ, defined in (2.16). Since (u n ) is bounded, passing to a subsequence, if necessary, we have
, and u n → u a.e in Ω.
Since |f (t)| ≤ C(1 + |t| α−1 ) for every t ∈ R, we get Thus
for some C > 0, and consequently
Therefore ∂ i u n − ∂ i u pi → 0 for i = 1, ..., N , so that u n → u in D 1, − → p
0
(Ω) and the proof is complete.
